We analyze relations between BPS degeneracies related to Labastida-Mariño-Ooguri-Vafa (LMOV) invariants, and algebraic curves associated to knots. We introduce a new class of such curves that we call extremal A-polynomials, discuss their special properties, and determine exact and asymptotic formulas for the corresponding (extremal) BPS degeneracies. These formulas lead to nontrivial integrality statements in number theory, as well as to an improved integrality conjecture stronger than the known M-theory integrality predictions. Furthermore we determine the BPS degeneracies encoded in augmentation polynomials and show their consistency with known colored HOMFLY polynomials. Finally we consider refined BPS degeneracies for knots, determine them from the knowledge of super-A-polynomials, and verify their integrality. We illustrate our results with twist knots, torus knots, and various other knots with up to 10 crossings.
Introduction
There are many profound relations between quantum field theory, string theory and knot theory. This paper focuses on two aspects of the polynomial knot invariants -in particular HOMFLY polynomials, superpolynomials, and their specializations -colored by symmetric powers of the fundamental representation:
• the special geometry of algebraic curves of a knot,
• the integrality of the BPS invariants of a knot.
By (affine) algebraic curves we mean curves obtained as classical limits of recursions of knot polynomials. Such recursions are known to exist (for colored Jones polynomials [GL05, Hik04] , or colored HOMFLY and superpolynomials of twist or torus knots) and conjectured to exist for all colored HOMFLY or superpolynomials [AV12, AGSF12, FGS13, NRZS12] . For the colored Jones polynomial, the above algebraic curve agrees with the A-polynomial [GL05, Hik04, Guk05] . For the colored HOMFLY polynomial, the above algebraic curve is conjectured [AV12, FGS13] to agree with the augmentation polynomial of a knot [Ng08] . The curve arising as the classical limit of recursions for colored superpolynomials is called the super-Apolynomial [FGS13, FS13] .
On the other hand, by BPS invariants of a knot we mean the Labastida-Mariño-OoguriVafa (LMOV) invariants of a knot [OV00, LM01, LMV00, LM02], or certain combinations thereof.
Our aim is to give exact formulas for a certain class of BPS invariants, as well as their asymptotic expansions to all orders, using the corresponding algebraic curve. One motivation of our work is as follows. On one hand, as stated above, various algebraic curves associated to knots arise as classical limits of recursion relations for knot polynomials (Jones, HOMFLY, or superpolynomials) colored by symmetric representations [GL05,Hik04,AV12,AGSF12,FGS13, FGSS13,NRZS12]. On the other hand, as we will show, one can restrict the defining relations between HOMFLY polynomials and LMOV invariants to the case of symmetric representations only. This implies that recursion relations for knots should encode information about LMOV invariants labeled by symmetric representations, and classical limits of these recursions should still capture some of this information. In this paper we make these statements precise. Our main results are the following. The BPS invariants b r,i introduced above are certain combinations of LMOV invariants. In the string theory interpretation they are encoded in holomorphic disk amplitudes or superpotentials [OV00, AV00, AKV02] for D-branes conjecturally associated to knots, and more accurately they could be referred to as classical BPS invariants; however in this paper, unless otherwise stated, we simply call them BPS invariants or degeneracies. The definition of b r,i is given in Section 2.1. The polynomial A(x, y, a), sometimes referred to as the dual A-polynomial, is defined in Section 2.2. Equation (1.1) gives exact formulas for the BPS invariants b r,i for arbitrary r, i, as well as asymptotic expansions to all orders of r when (r, i) are along a ray. In particular, one obtains exact formulas and asymptotic expansions for the BPS invariants b ± r = b r,r·c ± along the two extreme rays, that we call extremal BPS invariants. The extremal BPS invariants b ± r can also be expressed in terms of coefficients of, respectively, maximal and minimal powers of a in HOMFLY polynomials. The coefficients of these extremal powers are also referred to as top-row and bottom-row HOMFLY polynomials (rows refer to the components of the diagram representing HOMFLY homology, see e.g. [GGS13] ).
We call the algebraic curves that encode extremal BPS degeneracies the extremal Apolynomials, and for a knot K we denote them A for p ≥ 2.
Our formulas and the integrality of the BPS invariants lead to nontrivial integrality statements among sequences of rational numbers. In particular, it implies that b ± Kp,r are integers for all natural numbers r and all integers p = 0, 1. Note that this implies a nontrivial statement, that for fixed r the sums in expressions (1.4) and (1.5) are divisible by r 2 . Also note that the above BPS degeneracies are determined explicitly for an infinite range of r; this is in contrast to other LMOV invariants in literature, which were determined explicitly only for some finite range of labeling representations (Young diagrams consisting up to several boxes) [LM01, LMV00, LM02, RS01, ZR13, ZR12].
What's more, we experimentally discover an Improved Integrality for the BPS invariants, observed by Kontsevich for algebraic curves satisfying the K 2 condition [Kon] (which is the same condition as already mentioned above [GS12] ). Conjecture 1.3. (Improved Integrality) Given a knot there exist nonzero integers γ ± such that for any r ∈ N 1 r γ ± b ± r ∈ Z.
(1.6)
We checked the above conjecture for twist knots, torus knots and several knots with up to 10 crossings. The values of γ ± for various knots are given in table 1. Note that this integrality conjecture is more general than the integrality of LMOV invariants [OV00, LM01, LMV00,LM02], which only implies integrality of b r . It would be interesting to give a physical interpretation of this property and of the conjectured integer knot invariants γ ± .
Our next proposition illustrates the special geometry of the extremal A-polynomials of the twist knots. 
y and xy /y are algebraic hypergeometric functions (1.9) Theorem 1.1: if f = e x then g = x. Note finally that the class of algebraic hypergeometric functions has been completely classified in [BH89, Beu10] . Using this, one can also determine the functions that satisfy (1.9). We will not pursue this here. The special geometry property (1.9) does not seem to hold for non-twist hyperbolic knots. Next, we point out more information encoded in extremal A-polynomials.
Lemma 1.5. The exponential growth rates of b ± r are given by the zeros of y-discriminant of the corresponding extremal A-polynomials A ± K (x, y)
For example, for K p torus knots with p ≤ −1, the y-discriminant of A Furthermore, we generalize the above analysis of extremal A-polynomials and extremal BPS states by introducing the dependence on variables a and t. As conjectured in [AV12, FGS13] , the augmentation polynomials [Ng11, Ng08] , that depend on variable a, should agree with Q-deformed polynomials obtained as classical limits of recursions for colored HOMFLY polynomials [AV12] . We verify that this is indeed the case by computing corresponding BPS invariants from augmentation polynomials, and verifying that they are consistent with LMOV invariants determined from known colored HOMFLY polynomials for various knots with up to 10 crossings. While using our method we can determine BPS invariants for arbitrarily large representations S r from augmentation polynomials, for more complicated knots the colored HOMFLY polynomials are known explicitly only for several values of r, see e.g. [NRZ13, Wed] . Nonetheless this is already quite a non-trivial check.
Finally we introduce the dependence on the parameter t, consider refined BPS degeneracies arising from appropriate redefinitions of super-A-polynomials, and show their integrality.
We note that apart from the relation to the LMOV invariants our results have an interpretation also from other physical perspectives. In particular, recently a lot of attention has been devoted to the so-called 3d-3d duality, which relates knot invariants to 3-dimensional N = 2 theories [DGG14, FGS13, CDGS14] . In this context the A-polynomial curves, such as (1.2) or extremal A-polynomials, represent the moduli space of vacua of the corresponding N = 2 theories. Furthermore, the equation (1.1) can be interpreted as imposing (order by order) relations between BPS degeneracies, which should arise from relations in the corresponding chiral rings. We also note that in the corresponding brane system extremal invariants arise from the C 3 limit of the underlying resolved conifold geometry, and the precise way of taking this limit is encoded in the integers c ± mentioned below (1.3) that specify the extreme rays. We comment on these and other physical interpretations in section 5 and plan to analyze them further in future work.
BPS invariants of knots from algebraic curves

BPS invariants for knots
In this section we recall the formulation of Labastida-Mariño-Ooguri-Vafa (LMOV) invariants and discuss its form in case of S r -colored HOMFLY polynomials. The starting point is to consider the Ooguri-Vafa generating function [OV00, LM01, LMV00, LM02]
where U = P exp K A is the holonomy of U (N ) Chern-Simons gauge field along a knot K, V can be interpreted as a source, and the sum runs over all representations R, i.e. all twodimensional partitions. The LMOV conjecture states that the expectation value of the above expression takes the following form
where the expectation value of the holonomy is identified with the unnormalized HOMFLY polynomial of a knot K, Tr R U = P K,R (a, q), and the functions f K,R (a, q) take form
where N R,i,j are famous BPS degeneracies, or LMOV invariants, a term that we will use interchangably; in particular they are conjectured to be integer. In string theory interpretation they count D2-branes ending on D4-branes that wrap a Lagrangian submanifold associated to a given knot K. From two-dimensional space-time perspective D2-branes are interpreted as particles with charge i, spin j, and magnetic charge R. For a fixed R there is a finite range of i and j for which N R,i,j are non-zero.
In what follows we are interested in the case of one-dimensional source V = x. In this case Tr R V = 0 only for symmetric representations R = S r (labeled by partitions with a single row with r boxes [AM98] ), so that Tr S r (x) = x r . For a knot K, let us denote P K (x, a, q) = Z(U, x) , and let P K,r (a, q) ∈ Q(a, q) denote the S r -colored HOMFLY polynomial of K. For a detailed definition of the latter, see for example [AM98] . In this setting (2.2) reduces to the following expression
Note that we use the unnormalized (or unreduced) HOMFLY polynomials, so that the unknot is normalized as P 0 1 ,1 (a, q) = (a − a −1 )/(q − q −1 ). Often, we will drop the knot K from the notation. Note that f r (a, q) is a universal polynomial (with rational coefficients) of
For instance, we have:
It follows that f r (a, q) ∈ Q(a, q). The LMOV conjecture asserts that f r (a, q) can be expressed as a finite sum
and in this case the BPS degeneracies N r,i,j are labeled by a natural number r.
We now explain how to extract BPS degeneracies from the generating function (2.4). First we write it in product form
where the q-Pochhammer symbol (or quantum dilogarithm) notation is used
Then, in the limit q = e → 1, using well known asymptotic expansion of the quantum dilogarithm (see e.g. [GS12] ), we get the following asymptotic expansion of P (x, a, e )
P (x, a, e ) = exp
Above we introduced
that appear at the lowest order in expansion in the exponent of (2.8) and can be interpreted as the classical BPS degeneracies. These degeneracies are of our main concern. In the string theory interpretation they determine holomorphic disk amplitudes or superpotentials [OV00, AV00, AKV02] for D-branes conjecturally associated to knots. In what follows, unless otherwise stated, by BPS degeneracies we mean these numbers. Our next task is to compute S 0 (x, a). To do so, we use a linear q-difference equation for P (x, a, q) reviewed in the next section.
Difference equations and algebraic curves
In this section we introduce various algebraic curves associated to knots. First, recall that the colored Jones polynomial J K,r (q) ∈ Z[q ±1 ] of a knot K can be defined as a specialization of the colored HOMFLY polynomial:
It is known that the colored Jones polynomial satisfies a linear q-difference equation of the form
where A K is a polynomial in all its arguments, and M and L are operators that satisfy the relation L M = q M L and act on colored Jones polynomials by
The AJ Conjecture states that
where
Likewise, we will assume that the colored HOMFLY polynomial of a knot satisfies a linear q-difference equation of the form
The corresponding 3-variable polynomial A(M, L, a) = A(M, L, a, 1) defines a family of algebraic curves parametrized by a. A further conjecture [AV12, FGS13] identifies the 3-variable polynomial A(M, L, a) with the augmentation polynomial of knot contact homology [Ng11, Ng08] . We further assume the existence of the super-A-polynomial, i.e. the refined colored HOMFLY polynomial P r (a, q, t) of a knot, that specializes at t = −1 to the usual colored HOMFLY polynomial, and that also satisfies a linear q-difference equation [FGS13, FGSS13] A super ( M , L, a, q, t)P r (a, q, t) = 0. (2.16)
The specialization A super (M, L, a, 1, t) can be thought of as an (a, t)-family of A-polynomials of a knot.
In the remainder of this section we discuss a dual version A(x, y, a) of the algebraic curve A(M, L, a).
Lemma 2.1. Fix a sequence P r (a, q) which is annihilated by an operator A( M , L, a, q) and consider the generating function P (x, a, q) = ∞ r=0 P r (a, q)x r . Then,
where xP (x, a, q) = xP (x, a, q), yP (x, a, q) = P (qx, a, q) (2.18) satisfy x y = q y x, and const is a q-dependent term that vanishes in the limit q → 1.
On the other hand, acting with M and L on this generating function (and taking care of the boundary terms) we get
Therefore the action of M and L on P (x) can be identified, respectively, with the action of operators y and x −1 , up to the subtlety in the boundary term arising from r = 0. From the property of the recursion relations for the HOMFLY polynomial the result follows. Applying the above lemma to the colored HOMFLY polynomial P r (a, q), this motivates us to introduce the operator A( x, y, a, q) = A( y, x −1 , a, q), (2.21) so that (2.17) can be simply written as
In the limit q → 1 the right hand side vanishes and we can consider the algebraic curve
The Lambert transform
In this section we recall the Lambert transform of two sequences (a n ) and (b n ) which is useful in the proof of Proposition 1.1.
Lemma 2.2. (a) Consider two sequences (a n ) and (b n ) for n = 1, 2, 3, . . . that satisfy the relation
for all positive natural numbers n. Then we have:
where µ is the Möbius function. Moreover, we have the Lambert transformation property
and the Dirichlet series property
where the first sum is a finite sum of pairs (λ, α) such that |λ| is fixed, then so does (b n ) and vice-versa.
Proof. Part (b) follows from Equation (2.27) easily. For a detailed discussion, see the appendix to [Zei06] by D. Zagier.
] is algebraic with constant term y(0) = 1. Write
If y has a singularity in the interior of the unit circle then (b n ) has an asymptotic expansion of the form (2.28). Moreover, the singularities of the multivalued function y = y(x) are the complex roots of the discriminant of p(x, y) with respect to y, where p(x, y) = 0 is a polynomial equation.
Proof. We have:
thus if z = xd log y = xy /y, then we have
Now z is algebraic by the easy converse to Theorem 1.1. It follows that the coefficients (a n ) of its Taylor series z = ∞ n=1 a n x n is a sequence of Nilsson type [Gar11b] . Since z is algebraic, there are no log n terms in the asymptotic expansion. Moreover, the exponential growth rate is bigger than 1, in absolute value. Part (b) of Lemma 2.2 concludes the proof.
Proof of Proposition 1.1.
Let us define
(2.29) If P (x, a, q) is annihilated by A( x, y, a, q), it follows that y = y(a, x) is a solution of the polynomial equation
A(x, y, a) = 0. (2.30) Indeed, divide the recursion A( x, y, a, q)P (x, a, q) = 0 by P (x, a, q), and observe that
Taking the logarithm and then differentiating (2.29) concludes Equation (1.1). Part (b) of Proposition 1.1 follows from Lemma 2.2.
Refined BPS invariants
In this section we discuss refined BPS invariants N r,i,j,k . In full generality, we can consider the generating function of superpolynomials P r (a, q, t); suppose that it has the product structure analogous to (2.6), however with an additional t-dependence
We conjecture that the refined BPS numbers N r,i,j,k encoded in this expression are integers.
As in this work we are mainly interested in invariants in the q → 1 limit, encoded in (classical) algebraic curves, let us denote them as
In this case the curves in question are of course the dual versions of super-A-polynomial A super (M, L, a, t), with arguments transformed as in (2.23), i.e.
Solving this equation for y = y(x, a, t) and following steps that led to (1.1), we find now
and from such an expansion b r,i,j can be determined. Conjecturally these should be integer numbers; as we will see in several examples this turns out to be true.
Extremal invariants
Extremal BPS invariants
In this section we define extremal BPS invariants of knots. If P r (a, q) is a q-holonomic sequence, it follows that the minimal and maximal exponent with respect to a is a quasilinear function of r, for large enough r. This follows easily from the Lech-Mahler-Skolem theorem as used in [Gar11a] and is also discussed in detail in [VdV] . We now restrict our attention to knots that satisfy
for some integers c ± and for every natural number r, where p r,r·c ± (q) = 0. This is a large class of knots -in particular two-bridge knots and torus knots have this property. For such knots, we can consider the extremal parts of the colored HOMFLY polynomials (i.e. their top and bottom rows, that is the coefficients of maximal and minimal powers of a), defined as one-variable polynomials P
Likewise, we define the extremal LMOV invariants by
T 2,2p+1 2p + 3 2p − 1 and the extremal BPS invariants by
We also refer to b + r and b − r as, respectively, top and bottom BPS invariants. Finally, we define the extremal part of the generating series P (x, a, q) by
The analogue of Equation (2.8) is
It follows from the LMOV conjecture that b ± r , as combinations of LMOV invariants N r,r·c ± ,j , are integer. Moreover, according to the Improved Integrality conjecutre 1.6, for each knot one can find integer numbers γ ± , such that
The numbers γ ± can be regarded as new invariants of a knot. We compute these numbers for various knots in section 4, with the results summarized in table 1.
Extremal A-polynomials
It is easy to see that if P r (a, q) is annihilated by A( M , L, a, q), then its extremal part P ± r (q) is annihilated by the operator A ± ( M , L, q) obtained by multiplying A( M , L, a ∓1 , q) by a ±rc ± (to make every power of a nonnegative), and then setting a = 0. This allows us to introduce the extremal analogues of the curve (2.23) defined as distinguished, irreducible factors in
that determine the extremal BPS degeneracies. We call these curves extremal A-polynomials and denote them A ± (x, y). We also refer to A + (x, y) and A − (x, y) as top and bottom Apolynomials respectively. The extremal A-polynomials that we determine in this work are listed in Appendix A. Among various interesting properties of extremal A-polynomials we note that they are tempered, i.e. the roots of their face polynomials are roots of unity. This is a manifestation of their quantizability and the so-called K 2 condition [GS12, FGS13, Kon] , and presumably is related to the Improved Integrality of the corresponding extremal BPS states.
Extremal BPS invariants from extremal A-polynomials
In this section we give the analogue of Proposition 1.1 for extremal BPS invariants.
Proposition 3.1. (a) Fix a knot K and a natural number r. Then the extremal BPS invariants b ± r are given by
] is an algebraic function of x that satisfies a polynomial equation
(b) Explicitly, x∂ x y ± /y ± is an algebraic function of x and if
Proof. We define
(3.12) As in the proof of Proposition 1.1, it follows that y ± (x) satisfies the polynomial equation
This concludes the first part. The second part follows just as in Proposition 1.1.
Examples and computations
In this section we illustrate the claims and ideas presented earlier in many examples. First of all, LMOV invariants arise from redefinition of unnormalized knot polynomials. Therefore we recall that the unnormalized superpolynomial for the unknot reads [FGS13] P 0 1 ,r (a, q, t) = (−1)
and the unnormalized HOMFLY polynomial arises from t = −1 specialization of this expression. In what follows we often take advantage of the results for normalized superpolynomials P norm r (K, a, q, t) for various knots K, derived in [FGS13, FGSS13, NRZS12] . Then the unnormalized superpolynomials that we need from the present perspective differ simply by the unknot contribution
In general to get colored HOMFLY polynomials one would have to consider the action of a certain differential [DGR06, GS11] ; however for knots considered in this paper, for which superpolynomials are known, HOMFLY polynomials arise from a simple substitution t = −1 in the above formulas. Let us stress some subtleties related to various variable redefinitions. Super-A-polynomials for various knots, corresponding to the normalized superpolynomials P norm r (K, a, q, t), were determined in [FGS13, FGSS13, NRZS12] ; in the current notation we would write those polynomials using variables M and L, as A super (M, L, a, t). Super-A-polynomials in the unnormalized case (i.e. encoding asymptotics of unnormalized superpolynomials), which are relevant for our considerations, arise from A super (M, L, a, t) by the substitution
In what follows we often consider a-deformed polynomials, which for knots considered in this paper are again simply obtained by setting t = −1 in A super (M, L, a, t). These a-deformed polynomials are not yet identical, however closely related (by a simple change of variables) to augmentation polynomials or Q-deformed polynomials; we will present these relations in detail in some examples.
The unknot
Let us illustrate first how our formalism works for the unknot. From the analysis of asymptotics, or recursion relations satisfied by (4.1), the following super-A-polynomial is deter-
The analysis of the refined case essentially is the same as the unrefined, as the dependence on t can be absorbed by a redefinition of a. Therefore let us focus on the unrefined case. From (2.23) we find that, up to an irrelevant overall factor, the dual A-polynomial reads
From this expression we can immediately determine
and comparing with (2.29) we find only two non-zero BPS invariants b 1,±1 = ±1 (and from LMOV formulas (2.5) one can check that there are also only two non-zero LMOV invariants N 1,±1,j ). These invariants represent of course two open M2-branes wrapping P 1 in the conifold geometry [OV00, AV00] (for the refined case we also find just two refined BPS invariants). Furthermore, from (4.1) we find c ± = ±1, and therefore from (3.8) we determine the following extremal A-polynomials
which represent two C 3 limits of the resolved conifold geometry (in terms of Y = y 2 , the curve (4.5) and the above extremal A-polynomials are the usual B-model curves for the conifold and C 3 respectively).
The 4 1 knot
As the second example we consider the 4 1 (figure-8) knot, see figure 1. The (normalized) superpolynomial for this knots reads [FGS13]
From this formula, after setting t = −1, it is immediate to determine N r,i,j LMOV invariants using the explicit relations (2.5), up to some particular value of r. Instead, using the knowledge of associated algebraic curves, we will explicitly determine the whole family of these invariants, labeled by arbitrary r.
First of all, by considering recursion relations satisfied by P norm r , or from the analysis of its asymptotic behavior for large r, the following (normalized) super-A-polynomial is determined 2 1 More precisely, due to present conventions, one has to substitute M 2 → x, L → y, a 2 → a to obtain the curve from [FGS13] on the nose. 2 Again, one has to substitute M 2 → x, L → y, a 2 → a to obtain the curve from [FGS13] on the nose.
We will use this formula when we consider refined BPS states; however at this moment let us consider its unrefined (i.e. t = −1) version. With the notation of Section 2.2 and Equation (2.23) we find the dual A-polynomial
From (4.2) and (4.8) we find that the HOMFLY polynomial in the fundamental (r = 1) representation is given by Note that A + (x, y −1 ) = y −6 A − (x, y), i.e. these curves agree up to y → y −1 (and multiplication by an overall monomial factor) -this reflects the fact that the 4 1 knot is amphicheiral. We can now extract the extremal BPS invariants from the curves (4.13). As these curves are cubic in terms of Y = y 2 variable, we can determine explicit solutions of the corresponding cubic equations. We will use two fortunate coincidences.
The first coincidence is that the unique solution Y (x) = 1 + O(x) to the equation The second coincidence is that x∂ x Y − /Y − is not only algebraic, but also hypergeometric. Explicitly, we have:
Recalling (3.11), we find that
so that the extremal bottom BPS degeneracies (3.11) are given by
Several values of b − r are given in table 2. Note that the integrality of b − r implies a nontrivial statement, that for each r the sum in (4.18) must be divisible by r 2 .
In an analogous way we determine top BPS invariants. The above mentioned two coincidences persist. The solution
so that
Therefore a + n = −a − n and b + r = −b − r , which is a manifestation of the amphicheirality of the 4 1 knot. The above results illustrate Proposition 1.2 for the 4 1 = K −1 twist knot.
Experimentally, it also appears that the Improved Integrality holds (1.6) with γ ± = 2; see table 2.
Next, we discuss the asymptotics of b ± r for large r. Stirling's formula gives the asymptotics of a − r , and part (b) of Lemma 2.2 concludes that the asymptotics of b − r are given by
Note that the
and its root x = 4 27 matches the exponential growth rate of b − r , as asserted in Lemma 2.3. Finally, we discuss all BPS invariants b r,i , not just the extremal ones, i.e. we turn on the a-deformation. To this end it is useful to rescale the variable x in (4.10) by c − = −3, so that A(a 3 x, y, a) = (x − y 4 + y 6 ) − 2axy 2 + a 2 2x 2 y 2 − x 2 + 2xy 8 + (4.21)
−a
contains A − (x, y) at its lowest order in a. Then, from (1.1) and (1.3) we can determine the invariants b r,i for this curve; we list some of them in table 3, whose first column of course agrees with the extremal BPS invariants b − r given by (4.18).
5 2 knot and Catalan numbers
We can analyze the K 2 = 5 2 knot, see figure 2, similarly as we did for the figure-8 knot. Starting from the super-A-polynomial derived in [FGSS13] and performing redefinitions discussed above, we get the following a-deformed algebraic curve (dual A-polynomial)
A(x, y, a) The unnormalized HOMFLY polynomial is given by It follows that the extremal A-polynomials of (3.8) are given by
The two fortunate coincidences of the 4 1 knot persist for the 5 2 knot as well. It is again convenient to use a rescaled variable Y = y 2 . In particular note that the curve A − (x, y), presented as 1 − y 2 − xy 4 = 1 − Y − xY 2 , is the curve that encodes the Catalan numbers. The latter are the coefficients in the series expansion
Therefore we have found a new role of Catalan numbers -they encode BPS numbers for 5 2 knot (and as we will see, also for other twist knots K p for p > 1). Now we get Several values of b − r are given in table 4. In an analogous way for A + (x, Y ) = 1 − Y − xY 6 we get more involved solution
so that and in consequence 
Finally, we also consider the a-deformation of the extremal curves. Rescaling x → a −c − x in (4.22) with c − = 1 we get a curve that contains A − (x, y) at its lowest order in a. Then, from (1.1) and (1.3), the find integral invariants b r,i given in table 5. The first column of table 5 agrees with the values of (4.28).
Twist knots
The 4 1 and 5 2 knots are special cases, corresponding respectively to p = −1 and p = 2, in a series of twist knots K p , labeled by an integer p. Apart from a special case p = 0 which is the unknot and p = 1 which is the trefoil knot 3 1 , all other twist knots are hyperbolic. In this section we analyze their BPS invariants. The two coincidences of the 4 1 knot persist for all twist knots. The formulas for p > 1 are somewhat different from those for p < 0, so we analyze them separately.
We start with p < 0. In this case the bottom A-polynomial turns out to be the same for all p, however the top A-polynomial depends on p, 
where 2|p| F 2|p|−1 is the generalized hypergeometric function. Then
From this expression we find top BPS invariants
Next, we consider the case p > 1. Their bottom A-polynomials are the same for all p, however top A-polynomials depend on p,
For p = 2 these curves reduce to the results for 5 2 knot (4.25). For all p > 1 the bottom BPS invariants are the same as for 5 2 knot (4.28)
which means that Catalan numbers encode these BPS invariants for all K p>1 twist knots.
To get top invariants we again introduce Y = y 2 and consider the equation 
The Improved Integrality holds for twist knots K p and the values of γ ± are given in table 1. Note that these invariants repeat periodically with period 6 for both positive and negative p.
Finally, turning on a-deformation also leads to integral invariants b r,i , as an example see the results for 6 1 = K −2 knot in table 6.
Torus knots
We can analyze BPS degeneracies for torus knots in the same way as we did for twist knots. Let us focus on the series of (2, 2p + 1) ≡ (2p + 1) 1 knots and present several examples. For the trefoil, 3 1 , see figure 3 , the (a-deformed) dual A-polynomial is given by
From the form of the HOMFLY polynomial we find c − = 1, so after appropriate rescaling of the above result we get The terms in the first two lines above constitute the extremal A-polynomial A − (x, y). Several corresponding BPS invariants are given in table 8. For the 7 1 knot the a-deformed A-polynomial takes form of a quite lengthy expression, so we list just some BPS invariants -with a-deformation taken into account -in the table 9.
Similarly we can determine top A-polynomials. We present the list of extremal A-polynomials for several torus knots in table 12. Note that for various knots these polynomials have the same terms of lower degree, and for higher degrees more terms appear for more complicated knots. It would be interesting to understand this pattern and its manifestation on the level of BPS numbers.
Furthermore, we observe that the Improved Integrality also holds for this family of torus knots, with the values of γ ± given in table 1. Note that the values of γ ± grow linearly with p. Table 9 . BPS invariants b r,i for the 7 1 knot.
BPS invariants from augmentation polynomials
for figure-8 knot (4.9), setting t = −1 and changing variables (note that it is not simply (4.3)) [FGS13]
we obtain (up to some irrelevant simple factor) the Q-deformed polynomial in the same form
where it was shown to match the augmentation polynomial. Now we show that this conjecture can be verified for many non-trivial knots, even if an explicit form of Q-deformed polynomials or super-A-polynomial is not known. Let us consider the following knots: 6 2 , 6 3 , 7 3 , 7 5 , 8 19 , 8 20 , 8 21 , 10 124 , 10 132 , and 10 139 , for which augmentation polynomials are determined in [Ng11, Ng08] . Changing the variables into M and L relevant for A-polynomials, and further into x and y relevant for our considerations, and from appropriate rescalings (3.8) we obtain extremal A-polynomials. They are presented in table 13, and constitute one of our main results.
From extremal polynomials in table 13 we can determine the extremal BPS invariants b ± r for arbitrary r; some results are presented in tables in appendix B. We also experimentally confirm the Improved Integrality -the constants γ ± for some knots are shown in table 1. However, unfortunately, the corresponding functions Y ± (x) no longer satisfy the fortunate condition (1.9). Even though the Q-deformed or super-A-polynomials are not known for knots listed in table 13, colored HOMFLY polynomials for those knots for several values of r have been explicitly determined in [NRZ13, Wed] . We can therefore determine the corresponding invariants N r,i,j using LMOV formulas (2.5) -we list some of these invariants in tables in appendix C. On the other hand, from the known augmentation polynomials we can compute some BPS invariants b r,i using our techniques. In all cases we find the agreement between these two computations, as the reader can also verify by comparing tables in appendices B and C. This is quite a nontrivial test of the (still conjectural) relation between augmentation polynomials and colored HOMFLY polynomials.
For example, consider the LMOV invariants N r,i,j of the 6 2 knot for r = 1, 2, 3, given in tables 17, 18, 19. We determined these invariants from the knowledge of HOMFLY polynomials, determined up to r = 4 in [NRZ13] , and applying formulas (2.5). To obtain b − r and b + r we need to resum, respectively, the first and the last row in those tables (corresponding to minimal and maximal power of a). For the minimal case (first rows in the tables) from the resummation we obtain the number −1, −2, −10, and for the maximal case (last rows in the tables) we find the numbers 2, 2, 7. These results indeed agree with values of b ± r for 6 2 knot given in table 14, which are determined from its augmentation polynomial (more precisely, the corresponding extremal A-polynomials given in table 13). We verified such an agreement for other knots discussed in this section. 
Refined BPS invariants from super-A-polynomials
Beyond the a-dependence we can consider further deformation of A-polynomials, in parameter t, that leads to super-A-polynomials. It is natural to ask if super-A-polynomials encode refined BPS degeneracies b r,i,j . Such degeneracies should be identified with generalized LMOV invariants, defined by relations (2.31), and could be determined from the knowledge of super-A-polynomials, using the relation (2.34). This conjecture would be confirmed if b r,i,j would turn out to be integer. In this section we extract such invariants from the known super-Apolynomials. To this end it is convenient to consider super-A-polynomials as T -deformation and a-deformation of bottom A-polynomials (that arise for a = 0 and T = 1), where t = −T 2 . This results in slightly redefined degeneraciesb r,i,j , which can be combined into the generating functions r,i,jb
. We present such generating functions in table 10. Clearly all coefficients in these generating functions are integer, and therefore capture putative refined BPS degeneracies. We plan to analyze these refined BPS invariants for knots in more detail in future work.
Conclusions and discussion
The results of this work deserve further studies that we plan to undertake. On one hand they should inspire mathematical research. We have formulated and tested various conjectures, in particular divisibility by r 2 following from the conjectured LMOV integrality, and Improved Integrality of extremal BPS degeneracies. These statements should hold for all knots and proving them is an important task (even proofs of divisibility by r 2 in various specific cases, in particular (1.4) and (1.5), are challenging); note that proofs of integrality of GopakumarVafa in certain cases were given in [KSV06, Vol07, SV09] , and presumably these techniques could be generalized to the case of knots. We also associated new integer invariants γ ± , related to Improved Integrality, to all knots -it is important to understand deeper their mathematical meaning and, possibly, relation to other characteristics of knots. Furthermore, for some knots we observed that the solutions of extremal A-polynomial equations are given by hypergeometric functions. It is important to understand for which knots such algebraic hypergeometric functions arise and if they have any further meaning. Understanding which knots have this property could lead to a new method to determine many other algebraic hypergeometric functions (associated to various knots).
It would also be interesting to understand our results from the perspective of knot homologies. Currently the most powerful method to determine -at least conjecturally -colored HOMFLY homologies is the formalism of (colored) differentials [DGR06, GS11] . These differentials reveal intricate structure not only of colored homologies, but also of ordinary HOMFLY invariants. Therefore they should capture some essential information about unrefined and refined BPS degeneracies that we consider. Note that the "bottom row" structure of HOMFLY homologies (i.e. corresponding to the minimal power of a) was analyzed e.g. in [GGS13] ; it would be interesting to relate it to BPS degeneracies determined here.
Our results also raise further interesting questions on the physics side. First, in the introduction we already mentioned their intimate connection to 3d-3d duality, which relates knot invariants to 3-dimensional N = 2 theories [DGG14, FGS13, CDGS14] . Various objects in our analysis, such as colored knot polynomials, super-A-polynomials, etc., play an important role in this duality. Therefore all the new objects and statements that we consider should also find its interpretation on the N = 2 side of this duality.
Second, the results such as Improved Integrality or formulation of refined BPS invariants for knots generalize the statements of the original LMOV conjectures [OV00, LM01, LMV00]. It is desirable to understand in more detail M-theory interpretation of these results. In particular we obtain the BPS degeneracies in an analogous way as has been done for Dbranes in [AV00, AKV02] . Furthermore, it has been conjectured in [OV00, AV12] that all knots should be mirror to Lagrangian branes in the conifold geometry, and for some knots such Lagrangian branes have been constructed [DSV13, JKS14] . It would be amusing to construct such Lagrangian branes for other knots that we consider, and compare the degeneracies they encode with our computations.
Third, our results concern primarily the classical algebraic curves, i.e. the q → 1 limit of recursion relations for knot polynomials. It is desirable to introduce the dependence on the parameter q and determine corresponding BPS degeneracies directly from the knowledge of those recursion relations. Our results can also be further generalized to higher-dimensional varieties generalizing algebraic curves, and correspondingly to links or knots labeled by more general (multi-row) representations.
Fourth, an important challenge is to understand refined open BPS states that we compute for several knots, based on the known super-A-polynomials. Recently various formulations of closed refined BPS states have been considered, see e.g. [CKK14, HKP13] . It would be nice to make contact between these various approaches involving open and closed BPS states.
Yet another intriguing direction of research relating algebraic curves and knot invariants has to do with the topological recursion. It has been conjectured in [DF09] and further analyzed in [DFM11, BE12, GS12, BEM12, GJKS15] that the asymptotic expansion of colored Jones or HOMFLY polynomials can be reconstructed from the topological recursion for the A-polynomial curve. This conjecture have been tested in a very limited number of cases and it still seems poorly understood. The new algebraic curves that we consider in this paper, in particular extremal A-polynomials, should provide a simpler setup in which this conjecture can be analyzed. 
A. Extremal A-polynomials for various knots
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